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ABSTRACT 
The paper presents a numerical technique for the simulation of the effects of grey-diffusive surface radiation 
on fluid flow using a finite volume procedure for two-dimensional (plane and axi-symmetric) geometries. 
The governing equations are solved sequentially, and the non-linearities and coupling of variables are 
accounted for through outer iterations (coefficients updates). In order to reduce the number of outer 
iterations, a multigrid algorithm was implemented. 

The radiating surface model assumes a non-participating medium, semi-transparent walls and constant 
elementary surface temperature and radiation fluxes. The calculation of view factors is based on the 
analytical evaluation for the plane geometry and numerical integration for axi-symmetric geometry. A 
shadowing algorithm was implemented for the calculation of view factors in general geometries. 

The method for the calculation of view factors was first tested by comparison with available analytical 
solutions for a complex geometric configuration. The flow prediction code combined with radiation heat 
transfer was verified by comparisons with analytical one-dimensional solutions. Further test calculations 
were done for the flow and heat transfer in a cavity with a radiating submerged body. As an example of 
the capabilities of the method, transport processes in metalorganic chemical vapour deposition (MOCVD) 
reactors were simulated. 
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INTRODUCTION 
In many problems of engineering interest radiative heat transfer plays an important role and it 
becomes especially important in high-temperature systems. In some applications, such as 
conventional boilers and furnaces, combustion, nuclear fission and fusion, etc., the medium can 
absorb, emitt and scatter the energy. For a review of the recent advances in this area see Reference 
1. In other types of problems, when the media are not radiatively participating, only radiation 
exchange among surfaces should be taken into account. This classical problem is relatively simple 
and well understood. References 2, 3 discuss radiation phenomena in great detail and present 
required theory, formulae and methods for general cases and some applications. References 4-8 
consider the radiation heat transfer in the Czochralski crystal growth. In References 9-13 the 
effects of wall radiation in crystal growth by MOCVD (Metalorganic chemical vapour deposition) 
method were studied. 

The modelling equations in all the mentioned publications are solved by using single grid 
methods. Due to excessive computing times, the calculations were limited to relatively coarse 
grids and the distinction between the errors due to discretization and those due to the modelling 
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of the physical processes was not possible. In recent years, multigrid finite difference (FD) and 
finite volume (FV) methods applicable to the solution of coupled, non-linear differential equations 
have been developed (see References 14 and 15 for MOCVD modelling). The application of the 
multigrid idea results in an approximately linear increase of computing time with grid refinement, 
allowing much finer grids to be used and, therefore, more accurate solutions to be obtained. 

In this paper, a multigrid finite volume solution procedure is employed to predict the 
non-participating flows and heat transfer in complicated two-dimensional (2-D) geometries when 
the boundary surfaces are considered to be radiating, grey-diffusive and semi-transparent. By 
systematically refining the grids, it was possible to evaluate the discretization errors and make 
sure that they were negligibly small on finest grid. Due to the multigrid solution procedure, 
computing times were reduced by an order of magnitude or more in comparison with standard 
methods. 

The algorithm for the calculation of view factors was tested by comparison with analytical 
expressions for a complex geometry configuration. The flow prediction code combined with 
radiation heat transfer was verified by comparisons with analytical one-dimensional (1-D) 
solutions. Further test calculations were done for the flow and heat transfer in a cavity with a 
radiating submerged body. Finally, simulations of flow and radiation heat transfer in horizontal 
and vertical MOCVD reactors were performed. 

MODELLING EQUATIONS 

Flow model equations 
The gas flows with very low Mach numbers and large temperature differences are considered. 

These flows can be described by the conservation laws for mass, momentum and energy, 
expressed in a coordinate-free form as follows, 

where is the velocity vector, T is the temperature, p is the pressure, is the deformation rate 
tensor, is the gravitational acceleration vector, and cp is the specific heat at constant pressure. 
The deformation rate tensor is defined as: + The dynamic viscosity, µ, thermal 
conductivity, λ, and density, p, of the gas are functions of temperature, 

In the equation of state, P0 is the constant characteristic pressure and R is the gas constant. 

Boundary conditions 
The transport equations (l)-(3) have to be supplemented with appropriate boundary conditions 

on all boundary surfaces of the solution domain, such as walls, symmetry planes or lines, inflow 
and outflow. The boundary conditions for the momentum equations include a specified velocity 
profile at the inlet, zero velocities on solid walls (no slip and no penetration), and zero velocity 
gradients at the outlet ("soft" boundary conditions). For the energy transport equation, a special 
analysis is required to determine the boundary conditions at non-isothermal walls. At the inlet, 
the temperature profile is prescribed. At the outlet and symmetry boundaries, zero temperature 
gradient is assumed. 
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Enclosures with semi-transparent grey-diffusive radiating walls and non-participating gas 
inside and ambient outside are considered. In this case the energy flux to the inside wall is 
composed of two contributions: radiative transfer from surfaces facing the wall and conduction 
by the gas. Energy is lost from the wall to the ambient by radiation and cooling by the surrounding 
(ambient) gas. Thus, the wall boundary conditions take the form, 

where the indices "w" and "g" are related to the wall and to the gas, respectively, Ta is the 
temperature of the ambient, h is the overall heat transfer coefficient given by heat transfer 
correlation, qout and qin are the radiation fluxes to the wall (index i) and from the wall (index o) 
on the outer and inner side, respectively, and ∂/∂n is the derivative normal to the wall. In the 
case of thin walls, the boundary conditions could be simplified by assuming a constant temperature 
gradient across the wall. While this approximation makes little difference to the complexity of 
the wall energy balance, it simplifies the radiation analysis in the case of semi-transparent walls. 
(If the walls are thick enough, the processes of conduction and radiation transfer in the walls 
should be taken into account.) Under this assumption, and by neglecting the temperature 
difference between both sides of the wall (Tin

w≈Tout
w), the energy boundary condition at the wall 

takes the form, 

where T is the temperature of the gas on the inner side of the wall. To close the model equations, 
the radiation fluxes have to be specified. 

Radiation model equations 
The radiation fluxes for the elementary wall surface element k (k = l, ..., N, where N is the 

total number of elementary surfaces on the wall) can be calculated using Stefan-Boltzmann 
equation and definitions of emissivity (E), reflectivity (R), and transmissivity (Tr) as follows2,3, 

where σ is the Stefan-Boltzmann constant and Fkj are the view factors. The major assumptions 
in deriving these equations, which limit their validity, are grey-diffusive surfaces and uniform 
temperatures for each radiating surface k. Without introducing uniform temperature surfaces, 
in (8) surface integrals would appear instead of view factors. If radiative properties are wavelength 
depending, (8)-(11) should be written in differential form. In this case some simplification should 
be done in order to get a closed form of (8)-(l 1), for instance, using the band model (see e.g. 
Reference 3 for the theory and Reference 12 where two-band model was used to approximate 
optical properties of quartz). 

After summation of fluxes and using relation E+R + Tr=1, the net radiation flux qnet for the 
kth surface element becomes (cf. (7)), 
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where qin
i,k is defined by the system of equations (8)-(9), providing the heat exchange relationship 

between the radiation boundaries. Thus the heat transfer in the gas and between the walls is 
coupled through (7), since the temperature of the gas at the wall is equal to the wall temperature. 
If the jth surface is an opening (inflow or outflow), the radiation flux in (8) is calculated as, 

and no special modifications for the system (8)-(9) are required as it was done in Reference 16. 
Since the medium is transparent, the gas temperature at the openings is not affected by the 
radiation. The system (8H9) can be resolved once the view factors are known. 

NUMERICAL SOLUTION METHOD 

The mathematical model described above was implemented in a solution procedure for 
two-dimensional (plane or axi-symmetric) laminar flows described by Demirdžić and Perić17 

and Durst et al.15. For this reason, only a short description of the solution procedure is given 
and only the new features associated with radiation heat transfer are described in detail. 

Discretization method 
The equations (1)-(3) are discretized on non-orthogonal grids using a finite volume approach 

with collocated arrangement of variables. Central differences (2nd order) are used to approximate 
both convection and diffusion fluxes through control volume (CV) faces. In the momentum 
equations, the pressure and gravitational forces are treated as source terms. The specific source 
is evaluated at the center of the CV, and treated as a mean value over the whole CV. The 
boundary conditions are incorporated in the solution procedure either by specifying the CV face 
fluxes or calculating them from their discretized expressions using specified boundary values or 
gradients of the variables. 

In (7)-(9), the boundary CV faces are treated as the elementary surfaces with temperature Tk. 
The main assumption in this formulation is that each CV face at the boundary is a radiation 
surface which has constant properties; namely, those associated with cell face center (boundary 
nodes). The discretized boundary conditions (7) couple the discretized energy equation (3) with the 
non-linear system (8)-(9), and the temperature of every node on the boundary is coupled with 
every other node on the boundary. If this matrix system is solved as a coupled system (after 
some linearization of (8)-(9)), the computing cost increases significantly, because effective solvers 
for diagonal matrices can not be applied. An alternative is a decoupled iterative approach, in 
which the linear system (8)-(9) is solved for given boundary temperatures, and then the resultant 
heat fluxes are used as specified boundary fluxes16. 
The solution of the resulting coupled set of algebraic equations for the momentum transport 

is based on the SIMPLE algorithm18. The momentum equations are assembled by treating 
pressure, mass fluxes, and other variables as known (values from previous iteration are used) 
and the resulting linear systems are solved by applying one iteration of the Strongly Implicit 
Procedure (SIP) of Stone19. With these intermediate velocities, which do not satisfy the continuity 
equation (1), new mass fluxes are calculated, whose imbalance provides the source term for the 
pressure correction equation. It is solved by applying up to 10 iterations of the SIP-solver (inner 
iterations). The pressure correction is used to correct velocities, pressure and mass fluxes, which 
then satisfy the continuity requirement. Thereafter, the system (8)-(9) is solved in order to provide 
boundary fluxes needed for the temperature equation. 

The finite-volume approximation of the boundary condition (7) leads to non-linear equation 
for the boundary temperature. It was found that simple linearization of (7), 
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where Tn is the temperature from the previous iteration and Tnew is the new approximation for 
the boundary temperature, in some cases leads to divergence. Instead of that, (7) for every 
boundary node is iterated until convergence. Thereafter, the temperature equation is assembled 
and relaxed by applying one SIP iteration. The new density is then calculated from the equation 
of state (4). Based on these velocity and temperature fields, the coefficients of the difference 
equations are updated, and a new outer iteration is started. The process is repeated until 
convergence. 

In all calculations, also for the system (8)-(9), the under-relaxation is used in order to ensure 
the convergence of the procedure, 

where a is the under-relaxation parameter, 0 ≤ α ≤ l, qn+1 is the final solution, qn+1
* is the 

intermediate solution, and qn is the solution from the previous iteration. In most of the simulations 
presented in this paper a relaxation parameter between 0.8 and 1.0 was employed for the system 
(8)-(9). No special study was done to determine an optimal set of parameters. 

The convergence criterion used here is the requirement that the sum of abolute residuals in 
all equations, normalized by a characteristic value for each equation, falls seven orders of 
magnitude, which guarantees that the iterative convergence errors are negligibly small (less than 
0.001%). 

Multigrid solver 
The rate of convergence of the above solution method is highest at the beginning of the 

iteration process. It becomes worse after a few outer iterations, an effect being more pronounced 
as the grid is refined. In order to speed up the convergence of the outer iterations, the multigrid 
procedure based on the Full Approximation Scheme (FAS) for non-linear coupled equation 
systems is used14. Details of the described algorithm can be found in References 14 and 20. 

In the present implementation, the gain flux qnet is calculated on coarse grid by summing the 
fine grid fluxes and used in (7) without recalculating. At the current finest grid (7) is used together 
with the system (8H9) as it was described for the single grid algorithm. The cost of obtaining 
the coarser grid solutions is compensated by having a good initial approximation for all variables 
on the next finer grid. 

The systematic grid refinement used in the multigrid algorithm to achieve higher convergence 
rates facilitates also the evaluation of discretization errors. These are proportional to the grid 
spacing and the order of the discretization scheme21. For sufficiently fine grids and second order 
discretization (as used in this study), the discretization errors on the finer grid are about one 
third of the difference in solutions between that and the next coarser grid. 

View factor calculations 
The analysis of radiation interchange among diffusively emitting and reflecting surfaces depends 

on the knowledge of view factors. For two black bodies the view factor is defined as the fraction 
of radiation energy leaving the surface i that arrives at the surface j (see, e.g. References 2, 3) 

where Ai and Aj are the areas of surfaces i and j respectively, and θi and θj are the angles between 
the normal vectors to surfaces and the connecting line with a length rij (see Figure 1). Some 
useful correlations can be derived from (16) and the energy conservation principle, 
Reciprocity 



8 L. KADINSKI AND M. PERIĆ 

Summation 

Conservation 

where N is the total number of boundary cell faces. 
Despite of the flow and radiation problem being considered as 2D, the view factor problem 

is three-dimensional. Two different strategies for the calculation of the view factors, depending 
on the geometry, are presented below. 

Plane geometry 
For the plane geometries the view factor between two elementary surfaces is the factor between 

two infinite stripes and, therefore, can be evaluated analytically (see Figure 1), 

where d is the distance between two parallel stripes (0=0) and d=0 when stripes are not parallel 
(θ≠0), and ξi and ξj are the coordinates measured from the crossing point of the lines passing 
along the two surfaces, cf. Figure 1. 

Axi-symmetric geometry 
For the axi-symmetric geometries there is no closed form for the view factor evaluation. One 

possibility is an analysis of the concrete geometrical configuration and using the analytical 
formulas (see, e.g. Reference 4 for Czochralski problem). Compared to the numerical evaluation 
this approach is significantly faster, but it only works if the closed form exists and can not be 
applied for arbitrary geometry. 
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In this study the numerical evaluation is employed. The algorithm operates by discretizing 
azimuthally each surface element into 2Nθ facets as it is shown in Figure 2. The view factor 
between two surface elements can be found as the sum of view factors between a pair of facets 
using view factor algebra correlations (17)-(18) and symmetry, 

where δm = l, m = n+1,..., n+Nθ— 1;; δm = 0.5, if m = n, n+Nθ, and n is any number between 1 
and Nθ. 

Each pair of facets is taken to be either totally visible to each other or to be totally shadowed 
by the obstacles crossing the line connecting the centroids of these two facets. If the facets can 
see each other, then the algorithm calculates the view factor between them as, 

Taking into account the correlations between the elementary surface areas, the numerical 
approximation for the view factor becomes, 

In order to get better approximation for the numerical evaluation of the view factor, one 
modification was done: each elementary surface can be discretized not only azimuthally but also 
radially or/and axially into Ni and Nk elementary subsurfaces. In this case the nth elementary 
surface consists of Nn elementary subsurfaces and the numerical approximation for the view 
factor becomes, 

where Fimkt is given by (23). ((24) itself is exact.) In this case the computational cost increases by 
NiNk times. 

After computing the view factors for the finest grid, the view factors for all other coarse grids 
can be recursively calculated using (24), because every boundary surface on the grid k — 1 consists 
of two corresponding surfaces on the grid k. 

The major complication with the view factor calculation is the possibility of partial blocking 
or shadowing between two surfaces by an intervening body or obstacle or by another boundary 
surface, as illustrated in Figure 2. The present shadowing algorithm is based on the blockage of 
lines connecting centroids of separate surfaces. 

After the testing of the algorithm it was found that the main error occurs in the computation 
for the neighbouring surfaces. In order to improve the results, the following semi-empirical 
correction technique was employed. 

Let Fin be the maximal view factor for given index i: Fin = maxj=1,N Fij. The corrected view 
factor is defined as follows, 

if n > i, or no correction, if n < i. After correction, the change of error for the index n is checked. 
If the error has not increased, the correction is adopted. This technique is self-consistent, because 
the change of Fin involves the change of Fni due to the reciprocity correlation (19). It was tested 
by comparison of the corrected view factors with the analytical expressions. The corrected values 
were found to be sufficiently accurate. 
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Verification of the view factor calculation algorithm 
The accuracy of the calculated view factors was examined by comparison with the exact 

expressions. A great number of analytically calculated view factors for various geometries can 
be found in Reference 22. Here the results for the test case C-72 (outer surface of cylinder to 
annular disk at the end of cylinder, cylinder length L= 1, radius R = 1/2) are presented in Figure 
3. The error was defined as follows, 

The error is more sensitive to the axial/radial than to the azimuthal discretization, and inverse 
proportional to the number of subsurfaces Nsub. This is in accordance with the order of integration 
scheme. The error is not sensitive to the azimuthal discretization for Nθ >Noθ, where Noθ is a 
definite number, depending on the configuration. The results of calculations give a criteria for 
the choice of parameters Nθ and Nsub for the needed accuracy. As was mentioned above, the 
main error occurs in the computation for the neighbouring surfaces. Therefore, the contribution 
of that error is greater for smaller Nθ, as is demonstrated in the Figure 3. 

It was found that the computational time was asymptotically proportional to the number of 
all elementary surfaces: t~c·Nθ·N2

sub, where c is configuration dependent. For the case C-72, 
c = 3.9 x 10 - 5 s . (All calculations were carried out on a SUN SPARC 1+ workstation with 
approx. 1.5 M Flops performance.) 

Another measure of the accuracy of the computations is the sum of view factors. According 
to (19), for each elementary surface in an enclosure the sum of view factors referring to other 
elements is equal unity. Therefore, the error can be defined as, 

The second test example was taken from Reference 4—the accuracy of the view factor 
computations for two closed, concentric circular cylinders for the grid with 16 x 16 CV (N = 64) 
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Table 1 Errors in view factor calculations for two concentric circular cylinders 
(cf. (27)) 

N, 

100 

200 

Nsub 

4 
8 

4 
8 

without correction 

eC 

0.09 
0.05 

0.09 
0.02 

eL 

2.95 x 10-3 

1.27 x 10-3 

2.27 x 10-3 

5.37 x 10-4 

after correction 

eC 

0.018 
0.007 

0.009 
0.004 

eL 

7.30 x 10-4 

2.12 x 10-4 

3.79 x 10-4 

1.63 x 10-4 

was examined. The results of calculations with and without the correction technique described 
by (25) are summarized in Table 1. 

The results of calculations agree well with the first test case and show that, in order to achieve 
the reference accuracy for the grid of 16 x 16 CV, the elementary surfaces should be subdivided 
into 4-8 subsurfaces. This means, that view factor calculations for the grid of 64 x 64 CV and 
of 128 x 128 CV do not need further subdivision of CV faces into subsurfaces. Because the 
algorithm is intended for very find grids, the applied integration technique is sufficiently accurate. 

RESULTS OF APPLICATION 
The aim of the present study was to develop a numerical solution procedure which gives accurate 
predictions of the effects of grey-diffusive surface radiation on the fluid flow. To test the 
implementation described in the previous sections, several model problems were solved. 

The efficiency and numerical accuracy of the base method for flow prediction has been proven 
elsewhere14,15,20,21. Attention is here focussed only onto extensions concerning the effects of 
radiation heat transfer. 

Validation of the numerical method 
First a simple problem with a 1D analytical solution was chosen. The enclosure consisting 

of two infinite parallel plates of length L at a distance H is considered, with H/L<< 1. The two 
plate surfaces are grey and have radiating properties E1, R1, Tr1 and E2, R2, Tr2, respectively. 
The first surface is kept at a constant temperature T1 = T0, and for the second surface, the 
boundary conditions (7), (12) are supposed. 

The heat conduction equation d2T(y)/dy2=0 has the solution T(y) = ay+T0, where a is an 
unknown constant. The solution satisfies the boundary condition (cf. (7), (12)), 

The gain radiative heat flux can be calculated analytically using symmetry and one-dimensionality 
as follows (cf. (8)-(9)), 

where T2 = aH+T0. Equation (28) is the non-linear equation for the constant a and can be 
resolved, e.g. by the Newton iterations method. One numerical test was done for λ = 0.196, 
H = 2 x 10-2, T0 = 900, h = 0, and ε1 = ε2 = ε. The temperature of the second plate was compared 
with a 2D solution for the same set of constants. Similar expressions can be derived for an 
axi-symmetric geometry, where the enclosure consists of two infinite coaxial cylinders. In this 
case the solution is T(r) = a ln((r+r0)/r0) + T0 and the gain net flux can also be calculated 
analytically. The comparison of analytical solutions and results of calculations for the temperature 



12 L. KADINSKI AND M. PERIĆ 

Table 2 Comparisons of analytical and numerical solutions for the 
temperature T2 in plane and axi-symmetric geometries 

£ 

0.1 
0.5 
0.9 

T2, plane 

analytical 

779.17 
740.36 
758.46 

numerical 

779.0 
740.0 
758.0 

T2, axi-symmetric 

analytical 

704.80 
676.30 
688.78 

numerical 

696.0 
674.0 
688.0 

of the second surface are shown in Table 2. In the calculations the aspect ratio for the plane 
case was 0.01 and for the axi-symmetric case 0.05. The discrepancies in the results are greater 
for the axi-symmetric case than for the planar case, the main source of the error being the finite 
size of plates. 

Flow and heat transfer in a cavity 
The purpose of this example is to evaluate the efficiency and the accuracy of the suggested 

method. The buoyancy-driven flow in a square cavity with a radiating square submerged body 
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Table 3 Errors in view factor calculations 
for the square cavity with a radiating 

obstacle 

Grid 

8x8 
16 x 16 
32 x 32 
64 x 64 

128 x 128 

eC 

0.113 
0.056 
0.028 
0.014 
0.007 

Error 

eL 

1.13 x 1 0 - 2 

4.32 x 10-3 

1.56 x10 - 3 

5.47 x 10-4 

2.58 x 10-4 

is considered. The temperature of the body is T0 = 1000K and the ambient temperature is 
Ta = 300K. At all cavity walls the boundary conditions are assumed (h = 0 for flow and heat 
transfer, and h = 30 for pure heat transfer). All transport properties were chosen for hydrogen 
at the normal atmospheric pressure: P0 = 1 bar. The length of the cavity side wall is H= 10 cm, 
and the size of radiation body is 2.5 cm. The upper right corner of the radiating body is in the 
centre of the cavity, cf. Figure 4. The resulting characteristic dimensionless numbers are, 

Reference values were defined for the reference temperature: Tref = ½(T0 + Ta). The finest grid 
had 128 x 128 CV and five grid levels. The coarse grids were subsets of the finer grids. 

All" view factors had to be calculated using shadowing option. In order to check the accuracy 
of the algorithm, the view factors were calculated on all five grids independently. The errors of 
the calculations are given in Table 3. They show that the required accuracy can be achieved by 
subdividing the boundary elements and that for sufficiently fine grids the additional subdivision 
is not needed. 

In order to investigate the efficiency of the multigrid algorithm, the calculations were done 
using both multigrid and single grid methods. The results showed that for this moderately fine 
grid of 128 x 128 CV the multigrid method is 30-50 times faster than the single grid version. 
This finding is in accordance with speed-up factors found for problems without radiation heat 
transfer, cf. Reference 14. 

The results for pure heat transfer and flow and heat transfer are shown in Figure 4. The effect 
of fluid flow on heat transfer is obvious from the comparison of isotherms for the case of pure 
heat transfer (Figure 4a) and heat transfer with fluid flow (Figure 4b). In addition to radiation 
and conduction, the heat is now transported by convection in the flow direction, as shown by 
streamlines (Figure 4c). 

The numerical accuracy of these results is assessed by comparing the solutions on subsequent 
grids. From visual comparison no difference in flow and isotherm pattern between the finest 
grids could be observed. Comparison of some integral parameters (total heat flux through obstacle 
walls, strength of the eddies) showed monotonic convergence towards grid independent values 
with the difference between solution on two finest grids of the order of 0.3%. This implies that 
the discretization error on the finest grid is of the order of 0.1%. Variation in total heat flux 
through one of the obstacle walls with grid refinement is shown in Figure 5. 

Flow in MOCVD reactors 
MOCVD has become an established technique for growing thin, high purity, epitaxial films 

of compound semiconductors for modern optoelectronic applications like solar cells, lasers and 
high electron mobility transistors. 
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Table 4 Parameters and results of calculations for the horizontal and vertical MOCVD 
reactors 

Parameters 

Finest grid (levels) 
Error of the view factor calculations 

Re 
Ra 
Rad 
Resn/Res0 
Calculation time (min) 
TimeSG/TimeMG 

eC 
eL 

Horizontal reactor 

160 x 64 CV (5) 
1.29 x 10-2 

8.52 x 10-5 

8.21 
3.36 x 104 

11.8 
10-6 

84 
5.4 

Vertical reactor 

288 χ 80 CV (5) 
2.78 x 10-2 

1.19 x 10-4 

14.6 
5.56 x 104 

23.1 
10-7 

175 
46.0 

Flow and heat transfer effects play a critical role in MOCVD reactors and can be satisfactorily 
predicted only by taking into account the detailed boundary conditions including the processes 
of heat conduction in the reactor walls, external and internal radiation in the reactor chamber, 
external radiation and natural or forced convective heat transfer to the ambient. In order to 
demonstrate the ability of the present method to analyze complex problems, the flow and heat 
transfer were studied for horizontal and vertical reactor configurations. These problems include 
blocking surface, various types of obstacles in the solution domain as well as heat sources and 
buoyancy-driven flow. 

The sets of parameters for both cases are collected in Table 4. The view factors for the vertical 
geometry were calculated with Nθ = 80, Nsub = 2 and the correction technique was used. Accurate 
modelling of such flows needs a more realistic description of the radiative properties of the walls 
and hot zones, as they may differ significantly and may be the wavelength dependent like 
transmittance in the case of the quartz glass10-12. The aim of this study is to demonstrate the 
possibility of the efficient and numerically accurate calculation of combined flow and heat transfer 
processes in complex geometries including radiation, so no effort has been made to evaluate the 
modelling errors due to the limitations of assumptions used here when compared to real conditions 
in an experiment. 

Results of calculations for the horizontal reactor are shown in Figures 6 and 7. In one case 
(Figure 6) radiation was ignored and the walls are assumed to be adiabatic, except for the heated 
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section of the inclined lower wall (at the susceptor), which is kept at a constant temperature. In 
the other case (Figure 7), radiation is taken into account as described above. Obviously, there 
is a big difference in flow and temperature distributions for the two conditions. In both cases a 
high numerical accuracy was assured by using fine numerical grids (160 x 64 CV). Discretization 
errors were estimated by comparison of solutions on successive grids14 and were found to be 
of the order of 0.03% on the finest grid. The radiation heat transfer causes the recirculation 
region at the upper wall to extend almost up to the inlet plane (where a uniform block velocity 
profile was specified in both cases). 

The vertical reactor represent an axi-symmetric geometry with a submerged disc-shaped 
obstacle (the heated susceptors and suceptor holder), cf. Figures 8 and 9. The gas enters the pipe 
at the top and flows around the obstacle, leaving through the exhaust at the bottom. Both the 
susceptor and the centrally located holder are held at a constant temperature. In one case all 
other walls were considered adiabatic (Figure 8), in the other radiative boundary conditions 
were assumed on all boundaries (Figure 9). Calculations were performed on five grids, the finest 
having 288 χ 80 CV. Discretization errors were estimated by comparing the solutions on 
consecutive grids and were found to be of the order of 1 % on the finest grid in both cases. 
Computing time using multigrid solver and comparison with the single grid version are indicated 
in Table 4. 

In the case of adiabatic boundary conditions and no radiation, buoyancy forces let gas above 
the susceptor flow upwards along symmetry axis like a plume. This upcoming flow is turned 
back by the incoming gas at the inlet boundary, where a block velocity profile was specified. 
Thus a large recirculation region is formed, which extends also behind the susceptor; the incoming 
gas flows along the outer wall. 

In the case of radiative boundary conditions, completely different flow and temperature 
distribution were obtained, cf. Figure 9. The oncoming gas flows along the symmetry axis, 
impinges onto the susceptor, flows then radially and separates at the outer disk edge. Another 
large recirculation region is now attached to the outer wall. 

Similar flow patterns and the effect of radiation in vertical reactors were also reported by 
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Fotiadis et al.9. The detailed study of transport processes in MOCVD reactors including the 
complex heat transfer and real material properties is the aim of the forthcoming studies. 

The main aim of the present calculations was to demonstrate the efficiency of the present 
multigrid solution method when calculating flows in complex geometries with radiative boundary 
conditions. Solutions on five grids (the finest with 288 χ 80 CV) on a workstation SUN SPARC 
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1 + were obtained in 175 minutes. It should be noted that for practical applications a less 
stringent convergence criterion can be used (iterative convergence error of the order of 0.1% 
instead of 0.001% used here), which would result in much shorter computing times. 

CONCLUSION 

In this paper, a 2D mathematical model for grey-diffusive surface radiation combined with the 
transport equations for mass, momentum and heat was presented. The mathematical model was 
implemented in a solution procedure for 2D (plane and axi-symmetric) laminar flows. The 
algorithm for the calculation of view factors provided the needed accuracy for the complex 
geometries. Through the use of the multigrid algorithm, high numerical efficiency was achieved. 
By using a sequence of systematically refined grids, it was possible to estimate the discretization 
errors in the numerical solutions. In examples considered here the discretization error on the 
finest grids were of the order of or below 1 %. 

The introduction of the multigrid technique has resulted in an efficient method for solving 
realistic problems involving grey-body radiation exchange, such as flow and radiation heat 
transfer in MOCVD reactors. This model and the implemented numerical technique could serve 
as a basis for computer-implemented process optimization and control strategies. 

Concerning the future developments of the method, several new features will be included, like 
higher-order integration technique and using Stokes' theorem for view factor calculations and 
parallel processing using blockstructured grids and domain decomposition technique. For 
MOCVD applications, the complex heat transfer and real material properties as well as chemical 
reactions and species transport must be considered. This work is under way15. 
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